Introduction
A set M of functions enjoying some special property is said to be lineable if M ∪ {0} contains an infinite dimensional vector space and spaceable if M ∪ {0} contains a closed infinite dimensional vector space. More specifically, we will say that M is μ-lineable if M ∪ {0} contains a vector space of dimension μ, where μ is a cardinal number. Furthermore, λ(M ) will denote the maximum dimension (if it exists) of such a vector space.
In a similar way, we say that M is algebrable if M ∪ {0} contains an infinitely generated algebra. More specifically, we will say that M is (μ, s)-algebrable if M ∪ {0} contains an algebra A such that dim(A) = μ (as a vector space) and card(S) = s, where μ and s are two cardinal numbers and S is a minimal system of generators of A. Trivially, s ≤ μ and if M is (μ, s)-algebrable then it is also μ-lineable. Similarly, we could also define the notions of dense-lineability, dense-algebrability. The density of functions with certain properties yields interesting results (e.g. [12] ). The term coneability refers to the existence of a positive (or negative) cone containing an infinite linearly independent family of functions enjoying a certain special property.
These notions of lineability and spaceability were coined by V. I. Gurariy, first introduced in [11] and later in [2] and [3] , while the word algebrability didn't appear until recently (see, for instance, [5] ).
The earliest results of this type come from 1966, when V. I. Gurariy showed in [13] that the set of continuous nowhere differentiable functions on the interval [0, 1] is lineable. He also showed that the set of everywhere differentiable functions on the interval [0, 1] is lineable, but not spaceable in (C([0, 1]), · ∞ ). Other pathological properties have been studied by various authors, for instance differentiable nowhere monotone functions and everywhere surjective functions in [3] . Along these lines, in the last few years, the set of zeros of polynomials on Banach spaces has been explored: some authors, when working with infinite dimensional spaces, found large linear structures in these sets [1] (even though they have not explicitly used terms like lineability or spaceability), while others concentrated more on the finite dimensional case [4] .
Sometimes these algebraic structures can be endowed with different types of topologies. For example, in [15] the authors proved the (c, c)-algebrability of the set of C ∞ functions with constant Taylor expansion on R. Following the line of the proof given there, it can be shown that the algebra in case is a Fréchet space.
The paper is organized in four sections. In the first we show the existence of a Banach space of continuous functions on R for which their sets of proper local minima and maxima, respectively, are dense subsets of R. In the second section we construct a Banach space of infinitely differentiable functions that vanish at infinity and are not the Fourier transform of any Lebesgue integrable function. The third part deals with the Denjoy-Clarkson property for several real variables. Following the recent solution (in the negative) of the Weil Gradient Problem, we display a Banach space of differentiable functions on R n which fail the Denjoy-Clarkson property. The last part of the article is dedicated to Riemann integrability. We find a Banach space of bounded functions that are not Riemann integrable and also a Banach algebra and another Banach space of function whose derivatives are bounded but not Riemann integrable.
Functions with proper local minima and maxima in each interval
In [18] it was proved that there exist continuous functions on R with a proper local maximum at each point of a dense subset of R. One could ask whether the set of all functions enjoying this property, CM (R), is lineable. Apparently this is not true, the problem being that the proper local maxima become proper local minima for any negative multiple of f , with f ∈ CM (R). If f also had a dense set of proper local minima then this problem would not arise. Let us denote by CM m(R) the nonempty (see [10] ) set of continuous functions such that both of their sets of proper local minima and maxima are dense in R. We will show that CM m(R) is spaceable. 
P r o o f. Without loss of generality we can assume that f (R) is the interval with endpoints 0 and 1. Let A = {r n } n and B = {s n } n be the dense sets of proper local maxima and minima, respectively, for f . We define Φ :
is a nonconstant analytic function on (0, 1) then, since h is also analytic, it must have at most a countable number of zeroes and the only accumulation points for its zeroes could be 0 or 1. Thus we can write (0, 1) \ {t : h (t) = 0} = I n , with I n disjoint open intervals such that h vanishes at their endpoints and has constant sign inside. Let us show that
Assume that we have
must be either one of the endpoints of I n or 0 or 1. Thus f ((α, β)) is a connected subset of a countable set and so it must consist of only one element. This implies that f is constant on (α, β), a fact which contradicts the existence of proper local maxima in this interval.
In the same way we have that
and so each such r k is a proper local maximum for h • f . In the same way it follows that every
If h is negative on the interval I n then each r k in f −1 (I n ) is a proper local minimum for h • f and each
for every n. Now let us show that the set of proper local maxima for h • f is dense in R. Let x ∈ R and ε > 0. There exists an r k ∈ A h such that |r k − x| < ε. If r k is a proper local maximum for h • f then we are done. If not, it means that there exists 2. Since Φ is an injective algebra homomorphism, it follows that CM m(R) ∪ {0} contains an injective image of any algebra of (except for zero) nonconstant analytic functions on (0, 1). Consider H a Hamel basis of R as a Q-vector space and the algebra A = A({f β }, β ∈ H) of analytic functions in (0, 1), where f β (x) = e βx . As in [15] , A has a minimal system of generators of cardinality c and using the ideas in the proof there it can easily be shown that the only constant function in A is the zero function. Thus CM m(R) ∪ {0} contains a (c, c) subalgebra.
Remark 1.2 The method used does not allow us to find a nontrivial Banach algebra inside of CM m(R)∪{0}
because there does not exist a Banach subalgebra of C([0, 1]) which consists of analytic functions on (0, 1). Indeed, assume that such an algebra B exists and take g an element in B whose range is the interval [0, 1]. Consider the continuos function
Let W n be the Bernstein polynomials which approximate s. Since s(0) = 0, we also have W n (0) = 0 and so 2. If we consider the set of all continuous functions on R with proper local extrema at each point of a dense subset of the real line, then CE(R) is certainly spaceable and (c, c)-algebrable. In fact, the proof of this result can be obtained in a simpler way. Indeed, once we know that CE(R) contains a function f , then, with the notations of the previous proof, we can argue in the following way: if h is a nonconstant analytic function on (0, 1), given r n , a proper local extreme for f , there exists a minimal positive integer l such that
) with α l = 0 and P l continuous with lim x→rn P l (x) = 0. Thus there exists a neighborhood of r n in which Φ(h)(x) − Φ(h)(r n ) has constant sign. Therefore Φ(h) belongs to CE(R) and the rest of the proof follows as above.
Infinitely differentiable functions that vanish at infinity and are not the Fourier transform of any Lebesgue integrable function
We can make further use of this method of embedding a Banach space in a set of continuous functions. Let C It is easy to see that f (x) = c n g(x − n) in the interval n − 
which yields that c n are the Fourier coefficients of the Lebesgue integrable function
we obtain spaceability, since C [7] . His example was simplified in some subsequent articles, in particular very recently by Deville and Matheron [9] . They constructed an everywhere differentiable function on Q = [0, 1] n and then extended it through Z n -periodicity to the whole of R n obtaining a bounded, everywhere differentiable function f : R n → R such that 1. f and ∇f vanish on the boundary of Q,
Thus it is clear that f fails the Denjoy-Clarkson property, since (∇f ) −1 (B(0, 1)) is a nonempty set of zero Lebesgue measure.
We will use this function (which we call the Deville-Matheron function) to prove the following result: Theorem 3.1 For every n ≥ 2 there exists an infinite dimensional Banach space of differentiable functions on R n which (except for 0) fail the Denjoy-Clarkson property.
P r o o f. For the sake of simplicity we will work with R 2 , but everything is also valid for R n with n ≥ 2.
and let f k,l : R 2 → R be defined by the restriction of f on Q k,l and 0 everywhere else. Of course, now (∇f k,l ) −1 (B(0, 1)) has infinite Lebesgue measure, but the function still fails the Denjoy-Clarkson property. For this we just need to show that there exist an 0 < α < 1 and a point a α ∈ Q k,l with ∇f k,l (a α ) = α.
For the sake of completeness we give a very simple proof of the fact that for every α ∈ [0, f ∞ ], there exists a point a α ∈ Q k,l with ∇f k,l (a α ) = α. This is all we need to know about the intermediate values of the gradient in order to reach the conclusion of our theorem. By Weierstrass theorem and connectedness we have |f |(Q) = [0, f ∞ ]. Hence, by changing f by −f if necessary, we have
h, it follows that h attains its maximum in the interior of Q k,l . Thus, there exists a point a α with 0 = ∇h(a α ) = ∇f k,l (a α ) + (α, 0) and so ∇f (a α ) = α.
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Now we choose 0 < δ < min{α, 1 − α} and we have that
is a nonempty set of zero Lebesgue measure.
We define Φ :
to be the function that associates to every double sequence
, the pieces glue together well and so Φ d is an everywhere differentiable function. Clearly we have
Since |d k0,l0 |α does not belong to the compact set K the distance δ from |d k0,l0 |α to K is positive. Consider a α ∈ Q k0,l0 with ∇f k0,l0 (a α ) = α.
is a nonempty set of zero Lebesgue measure. All this shows that Φ(c 0 (N 2 )) is a vector space of differentiable functions which (except for 0) do not have the Denjoy-Clarkson property. But Φ(c 0 (N 2 )) is also a closed subspace of
Remark 3.2 1. The proof can be simplified if, instead of using the simple intermediate value result for gradients that we proved, one uses the much stronger Darboux property for gradients [17] .
2. The result can be reformulated in the following way. If we denote by N DC(R n ) the set of everywhere differentiable functions on R n which do not have the Denjoy-Clarkson property then N DC(R n ) is spaceable and λ(N DC(R n )) = c. 3. It is possible to construct another infinite dimensional Banach space of differentiable functions on R n which (except from 0) fail the Denjoy-Clarkson property and which contains the Deville-Matheron function. Indeed, it is enough to replace c 0 (N n ) in the proof above with the Banach space c(N n ) of all convergent sequences in R endowed with the supremum norm. In that case f is the image of the sequence (1, 1, . . . ) . 4. It is also possible to construct a non separable infinite dimensional normed space of differentiable functions on R n which (except from 0) fail the Denjoy-Clarkson property and which contains the Deville-Matheron function too. For that, consider the non-separable norm space X = span{χ P : P ⊂ N n }, endowed with the supremum norm, instead of c 0 (N n ) in the proof above. Our method cannot be extended to ∞ (N n ), the completion of X. To check that (we write it only for the case n = 2), consider c = (c k,l ) k,l the sequence of all rational numbers in [0, 1]. The function Φ c actually does satisfy the Denjoy-Clarkson property.
Bounded functions which are Lebesgue but not Riemann integrable
One of the key points that led Lebesgue to his theory of integration was the existence of two examples, one given by Volterra in 1881 and another by Brodén in 1896 which showed that, at least from the point of view of Riemann integration, the process of obtaining antiderivatives of a function and the integration theory were not equivalent. Our aim in sequel is to show that it is possible to find infinite dimensional Banach spaces of functions having Brodén (Theorem 4.1) and Volterra (Remark 4.2) properties. Actually, the derivatives of the Brodén-type functions will allow us to build (Theorem 4.3) an infinite dimensional Banach space of bounded functions on an interval which are Lebesgue integrable, have antiderivative at any point and (except for 0) are not Riemann integrable.
Brodén-type functions
In 1896, Brodén (see, e.g. , where (a n ) is a dense sequence in [−1, 1], with a 1 = −1, a 2 = 1, and satisfying that:
1. f (a n ) = +∞ for all n ∈ N, and 2. f (x) ≥ 1 12 for every x = a n . 
, which takes the values g (x) ∈ (0, 1 12 ] if x = f (a n ), and 0 if x = f (a n ) for some n. Since a = f (a 1 ) and b = f (a 2 ), we have that g (a) = g (b) = 0. Let c = 2b − a. The function g can be modified in the following way
such that s is differentiable, with bounded derivative on R, and s( 
and call
We have that, for every n ∈ N, s n is continuous, non-constant, differentiable, and s n vanishes in a dense subset in R. We have
and
and we have obtained a sequence of functions with disjoint supports, each one of them vanishing in a dense set in R. Moreover, we have that supp(s n ) ⊂ [α n , β n ].
Since the functions {s n : n ∈ N} have pairwise disjoint supports, they form a minimal set of generators for an algebra that we call A. Let h ∈ A. Then h is necessarily of the form 
n s n . For all n and k, whenever s n (t) = 0, we have that h k (t) = 0 and consequently h (t) = 0 and so h vanishes on a dense subset of R. Since h(α n ) = 0, if h is constant then it has to be the zero function. Thus B is a Banach algebra of (except for 0) Brodén-type functions. In particular, this shows that the set of Brodén-type functions is spaceable. 
where G n is the Volterra function with support in the interval [α n , β n ], we have another way of proving that there is an infinite dimensional Banach space of differentiable functions on R whose derivatives are bounded and (except for 0) not Riemann-integrable. Let us notice that the E is not an algebra since the derivative of the square of Volterra function, F 2 , is continuous, a fact which follows from F (x) = 0 for all x ∈ K.
Bounded derivatives which are not Riemann-integrable
Let us notice that the derivative of any Brodén-type function is bounded but not Riemann-integrable. We say that a bounded function f has property (P ) if there exists a function F such that F (x) = f (x) for all x ∈ R but f is not Riemann-integrable on any compact interval of R. In particular, any function enjoying (P ) does not verify the Fundamental Theorem of Calculus. We will show that the set of functions enjoying (P ) is spaceable. It is clear that g n has property (P ), they have pairwise disjoint supports, and as in the proof of Theorem 4.1, they are linearly independent. Let E = span{g n : n ∈ N} · ∞ .
Pick h ∈ E, and let h k be a sequence of functions in E such that h k converges to h. We choose t 0 ∈ R \ n I n , and denote by H k the antiderivative of h k which vanishes at t 0 . There exists a bounded sequence (c n ) n such that h = By Theorem A, it follows that H is differentiable and H = h. Nevertheless h is not Riemann-integrable. If it were then, since h = g n on the interval I n , we would have
which is a contradiction.
